Under the normal assumptions of quantum field theory, Haag's theorem states that any field unitarily equivalent to a free field must itself be a free field. Unfortunately, the derivation of the Dyson series perturbation expansion relies on the use of the interaction picture, in which the interacting field is unitarily equivalent to the free field but must still account for interactions.
I. INTRODUCTION
Haag's Theorem states that, under the normal assumptions of quantum field theory (QFT), any field that is unitarily equivalent to a free field must itself be a free field [1] [2] [3] . This is troublesome, because the usual Dyson perturbation expansion of the scattering matrix is based on the interaction picture, in which the interacting field is presumed to be related to the free field by a unitary transformation. And, as Streater and Wightman note, Haag's theorem means that such a picture should not exist in the presence of actual interaction.
There has therefore been some consternation in the literature over the foundational implications of Haag's Theorem (in addition to [1] , see, for example, [4] [5] [6] ). Nevertheless, currently popular textbooks (such as [7, 8] ) tend to simply ignore it. Indeed, the nonperturbative Lehmann-Symanzik-Zimmerman (LSZ) [9] and Haag-Ruelle [10, 11] formalisms for scattering do not run afoul of Haag's Theorem, so it is possible to formulate scattering theory for QFT rigorously.
Unfortunately, the LSZ and Haag-Ruelle formalisms are not useful for practical calculations of the S-matrix, for which perturbation theory is always used. So, the question remains as to why perturbation theory works so well for this, despite Haag's Theorem (see [12] for a clear discussion of this point, and of Haag's Theorem in general).
In this paper I will show that Haag's Theorem does not apply to a parameterized formulation of QFT. Not surprisingly, this formulation starts from different assumptions than traditional QFT. However, I will show that it nevertheless can reproduce the usual perturbative Dyson expansion of the S-matrix, but without the conflict engendered by Haag's Theorem in the traditional theory.
By parameterized QFT, I mean a formalism in which field operators have a fifth, invariant parameter argument, in additional to the usual four position arguments of Minkowski space.
There is a long history of approaches using a such a fifth parameter for relativistic quantum mechanics, going back to proposals of Fock [13] and, particularly, Stuekelberg [14, 15] , in the late thirties and early forties. The idea appeared subsequently in the work of a number of well-known authors, including Nambu [16] , Feynman [17, 18] , Schwinger [19] , DeWittMorette [20] and Cooke [21] . However, it was not until the seventies and eighties that the theory was more fully developed, particularly by Horwitz and Piron [22, 23] and Fanchi and Collins [24] [25] [26] [27] , into what has come to be called relativistic dynamics.
A key feature of this approach is that time is treated comparably to the three space coordinates, rather than as an evolution parameter. The result is that relativistic quantum mechanics can be formulated in a way that is much more parallel to non-relativistic quantum theory. Further, the approach is particularly applicable to the study of quantum gravity and cosmology, in which the fundamental equations (such as the Wheeler-DeWitt equation) make no explicit distinction for the time coordinate (see, e.g., [28] [29] [30] [31] [32] [33] [34] ).
Extension of this approach to a second-quantized QFT has been somewhat more limited, focusing largely on application to quantum electrodynamics [35] [36] [37] [38] [39] [40] [41] . The formalism I will use here is derived from related earlier work of mine on a foundational parameterized formalism for QFT and scattering [42] [43] [44] [45] . This formalism was developed previously in terms of spacetime paths, but, in the present work, it is presented entirely in field-theoretic mathematical language, without the use of spacetime path integrals (though the concept of paths still remains helpful for intuitive motivation).
Section II presents the parameterized QFT formalism axiomatically, and Sec. III covers free fields. Section IV then shows that Haag's Theorem does not apply in the parameterized formalism. This allows a straightforward interaction picture to be used in Sec. V, in which interacting fields are related to free fields by a unitary transformation. Section VI then demonstrates that the Dyson perturbation expansion for the S-matrix can be reproduced by parameterized QFT and that the parameterized theory results in the same scattering amplitudes as the traditional theory. Section VII gives some concluding thoughts.
Throughout, I will use a spacetime metric signature of (− + ++) and take = c = 1.
II. PARAMETERIZED QUANTUM FIELD THEORY
This section presents the basic axioms of parameterized QFT, generally paralleling the axioms for traditional QFT as presented in [1] . For simplicity, the presentation here will freely use point positions and delta functions. However, the mathematics can still be interpreted in terms of a more rigorous use of test functions and distributions, as described in [1] .
Parametrization can be motivated by considering the path of a particle in spacetime.
Formally, such a path is a one-dimensional set of four-positions given by x µ = q µ (λ), µ = 0, 1, 2, 3, where q is a function of a path parameter λ. In general, such a path is not constrained here to be timelike or even to maintain any particular direction in time.
The only requirement is that it must be continuous. (So I will not be considering the path parameter to be normalized as proper or "historical" time, as some authors have.) Now, consider a particle that advances along some path to a four-position x. The parameterized position state |x, λ then represents the particle as being at a specific position
x for a specific parameter value λ along its path. Such states form a continuous basis of a andÛ (∆λ)|0 = |0 , which is unique up to a constant phase factor.
SinceÛ (∆x, 1) is unitary, it can be written aŝ
whereP is a Hermitian operator (i.e.,P =P † ). As usual, we will interpretP as the relativistic energy-momentum operator. However, we will not require that the eigenvalues ofP be on-shell. Section VI will address the emergence of physical on-shell states in the context of scattering processes.
Similarly,Û (∆λ) can be written aŝ
whereĤ 0 is a Hermitian operator. As indicated by the notation, we will subsequently considerĤ 0 , the generator of parameter translations, to be the (free) relativistic Hamilto-nian. This is an important difference from traditional QFT, in which theP 0 , the (framedependent) energy operator and generator of time translations, is taken as the Hamiltonian.
In the parameterized theory a field is an operator on H that has the path parameter λ as an argument as well as the spacetime position x. Fields are the subject of the remaining axioms.
Axiom I (Domain and Continuity of Fields). 
The domain D always contains the domain D 0 of states obtained by applying polynomials in the fields to the vacuum state. We can build a typical Fock representation by takinĝ ψ n (x, λ)|0 = 0, for all n, x and λ, and constructing position basis states by applying the field operator adjoints to the vacuum state. The single-particle position states are given by
Multiparticle states may have a different λ value for each particle:
However, it is generally convenient to consider states in which the particles are all at some specific value λ = λ 0 , in which case we will use the shorthand notation
The parameterized fields then satisfy the following transformation laws, consistent with the transformation laws for states given in Axiom 0.
Axiom II (Field Transformation Laws). For any spacetime translation ∆x and Lorentz
For any parameter translation ∆λ,
Taking the limit of infinitesimal ∆x in Eq. (1) with Λ = 1 gives:
Similarly, taking the limit of infinitesimal ∆x in Eq. (2) gives
Finally, the parameterized fields satisfy canonical, four-dimensional, equal-λ commutation relations.
Axiom III (Canonical Commutation Relations). At a given parameter value λ, the fieldŝ
(Note that Axiom III in [1] is actually on microcausality, not canonical commutation relations. However, microcausality issues are not important for the present paper, while the further development of the parameterized theory in the following is easiest if the canonical commutation relations are assumed.)
III. FREE FIELDS
As for traditional QFT, we can define a parameterized field theory of free particles that satisfies the axioms given in Sec. II. For parameterized QFT, the dynamics of free particles are given by the evolution of the particle fields in the parameter λ. According to Eq. (3), this is given by the commutator of the fields with the relativistic HamiltonianĤ 0 .
In defining this commutator, we distinguish between particles and antiparticles, with n + denoting a particle type and n − denoting the corresponding antiparticle type. For free fields, we then require that
where m n is the mass of both particles and antiparticles of type n. Together with Eq. (3), this gives the Stuekelberg-Schrödinger field equation [14, 42] i
Note that antiparticles thus propagate in the opposite direction in λ from particles.
We can also define the momentum fieldsψ n ± (p, λ) as the four-dimensional Fourier transforms of theψ n ± (x, λ). They have the equal-λ commutation relations
These fields have fixed, given momenta, such that
Like theψ n ± (x, λ), theψ n ± (p, λ) are translated in λ usingĤ 0 . Taking the Fourier transform of Eq. (5) gives the field equation
Note that, per the comment made after Axiom 0, the four-momentum here is not necessarily on-shell. Since p 2 is relative to the Minkowski metric, p 2 +m 2 n can take on any value, positive or negative. Equation (6) may be integrated to get
where
Taking the inverse Fourier transforms of the momentum fields in Eq. (7) then giveŝ
The two-point vacuum expectation value of the parameterized field is given by the commutation relation for the field at different lambdas:
This represents the propagation of a particle from four-position x 0 to four-position x over any path q with q(λ 0 ) = x 0 and q(λ) = x. Such a path is said to have intrinsic length |λ − λ 0 |. To represent propagation over all possible paths, we need to integrate over all intrinsic lengths. For particles, we integrate over all λ > λ 0 :
is just the Feynman propagator [42] . For antiparticles, however, propagation is downwards from λ 0 to lower values of λ, and, therefore, we integrate over all λ < λ 0 :
The parameter bound λ = λ 0 in Eqs. (9) and (10) is arbitrary but important. It is a remnant of a more general freedom to arbitrarily reparameterize a path [42] . Given a specific choice for λ 0 , it is convenient to define the integrated particle field
and the integrated antiparticle field
These integrated fields satisfy the same field equation as the unintegrated fields:
In the following, it will also be convenient to use the special adjointψ ‡ defined bŷ
With this, it is possible to construct position states as with the unintegrated fields:
However, the conjugate bra states are now constructed with the integrated fields:
These states are therefore not orthogonal to the basis position states, but, rather, have the equal-λ inner products
The integrated fieldsψ n ± ,λ 0 (x) have the same transformation laws as the unintegrated fields, as given by Eqs. (1) and (2) of Axiom II. However, instead of the commutation relation given in Axiom III, they satisfy a commutation relation consistent with Eqs. (9) and (10):
IV. HAAG'S THEOREM
The first formal proof of Haag's Theorem was based on axiomatic quantum field theory [1, 3] . Sections II and III outlined an axiomatic basis for parameterized QFT that can be similarly used to consider Haag's Theorem in the context of the parameterized theory. In this section I will show, however, that Haag's Theorem does not, in fact, hold in parameterized QFT.
In order to highlight exactly where the proof of Haag's Theorem breaks down for parameterized QFT, I will first outline the proof for traditional QFT, and then attempt to repeat the proof for parameterized QFT. Haag's Theorem for traditional QFT actually follows from two other theorems, which I present here using notation consistent with that of this paper, but without proof. For details on the proofs, see [1] . 
Suppose the representations possess unique invariant states |0 i such that
Suppose, finally, that there exists a unitary operatorĜ such that, at time t,
where c is a complex number of modulus one.
This theorem immediately implies the following corollary.
Corollary 1. In any two theories satisfying the hypotheses of Theorem 1, the equal-time
vacuum expectation values are the same:
The second theorem is a general result originally from [46] .
Theorem 2. Ifψ(x) is a field for which the vacuum is cyclic (that is, polynomials in the field, when applied to the vacuum state, yield a set of vectors that is dense in the Hilbert space of states), and if
Using these theorems, we can prove Haag's Theorem. Proof. Given the assumptions of the theorem, the corollary to Theorem 1 implies that
Any two position vectors (t, x) and (t 0 , x 0 ) can be brought into the equal time plane t = t 0 by a Lorentz transformation, if their separation is spacelike. Along with the given covariance ofψ 2 (x), this means that Eq. (12) can be extended to any two spacelike positions and then, by analytic continuation, to any two positions:
Haag's Theorem is then an immediate consequence of this and Theorem 2.
Now consider carrying out a similar proof for parameterized fields. The discussion here will use the integrated fields, because these will be the fields used in the subsequent discussion of scattering. But similar arguments apply to the unintegrated fields, too.
First, Theorems 1 and 2 may be adapted for the parameterized fields, and they hold by similar proofs to the original theorems. 
Suppose the representations possess unique invariant states |0 i such that 
Suppose, finally, that there exists an operatorĜ for whichĜ
Theorem 2*. Ifψ λ (x) is a field for which the vacuum is cyclic, and if
is a generalization of the Feynman propagator:
Now, even given Theorems 1* and 2*, the following proposition corresponding to Theorem 3 turns out not to be true. Given the assumptions of this proposition and the corollary to Theorem 1*, we can easily deduce the equivalent of Eq. (12):
However, just as Eq. (12) was at the single time t 0 , the equivalent equation for the parameterized theory is at the single parameter value λ 0 . But now, if we try to generalize this to unequal parameter values λ and λ 0 , there is no equivalent of the Lorentz transformation to use in order to bring the parameter values back to equality. All that is available is parameter translation, which would maintain the difference λ − λ 0 .
Therefore, it is possible forψ 1,λ 0 (x) andψ 2,λ 0 (x) to have the same equal-λ two-point vacuum expectation value, but for their unequal-λ expectation values to differ. Thus, Theorem 2* does not apply and the proof of Haag's theorem does not go through.
V. INTERACTING FIELDS
In the absence of Haag's Theorem, we should be free to develop an interaction picture representation for interacting parameterized QFT. We begin by assuming that the interacting and free integrated fields are related bŷ
whereĜ now, in general, may depend explicitly on λ 0 , but is still unitary relative to the
Note thatψ int n ± ,λ 0 (x) does not then annihilate |0 . Rather, it annihilates the interacting vacuum |0, λ 0 int ≡Ĝ(λ 0 )|0 . The interacting vacuum for a given λ 0 is still invariant under Lorentz transformations and spacetime translations. However, it is obviously not invariant under translations in λ (forĜ different from the identity). Only |0 is invariant under both spacetime and λ translations.
We can now build a Fock space of interacting particle states using the interacting creation
Interacting particle states are then
where each of the n i may be for a particle or antiparticle.
Similarly, we take the full Hamiltonian to be related to the free Hamiltonian bŷ
where, unlikeĤ 0 ,Ĥ has an explicit dependence on λ 0 . This, then, implies that, instead of Eq. (4), an interacting field has a commutator taken with the full Hamiltonian:
Otherwise, the interacting field has the same spacetime and λ symmetry properties aŝ ψ n ± (x, λ), as given by Eqs. (1) to (2) . In particular, the interacting field still evolves in λ according to the free Hamiltonian, consistent with the interaction picture. Thus,
This is satisfied if we takeĤ
Now, if theĤ int (λ) commute for different λ, then this may be integrated to obtain
whereV
is the vertex operator for interactions. Note that, for non-trivialĤ int (λ 0 ),V (λ 0 ) will be non-zero for all finite λ 0 and soĜ(λ 0 ) will not be the identity for any λ 0 . Thus, unlike the traditional interaction picture, in which the free and interacting fields coincide at one point in time, there is no λ 0 for which the free and interacting parameterized fields are "the same."
It is, in fact, possible to construct aV (λ) from the integrated fields and their adjoints that commutes for different λ, so thatĤ int (λ) = −dV /dλ does also. Takê
represents an interaction at the specific four-position x and is to be constructed from the integrated field operators [42] . Now, in constructing interactions, we need to account for both particles and antiparticles.
At a specific interaction position x, there may be either the destruction of an "incoming" particle byψ n + (x) or the creation of an "outgoing" antiparticle byψ ‡ n − (x). This can be reflected in the combined field [45] 
Extending the special adjoint across summation as would be expected, we also havê
An interaction can then be represented in terms of these operators aŝ
where g is a coupling constant, : · · · : represents normal ordering (that is, placing allψ ‡ operators to the left of allψ operators in any product, for particles or antiparticles), and theψ ′ are self-adjoint fields given bŷ 
Theorem 4 (Commutivity of the Vertex Operator). LetV λ (x) be defined as in Eq. (23).
Then
for all values of the x i and λ i .
VI. SCATTERING
This section shows how the usual scattering amplitudes can be reproduced by the parameterized formalism, given a vertex operator of the form defined in the previous section.
We will be using only integrated fields in this section. Presume that a specific, fixed value of λ 0 has been chosen, so the notation may be simplified by omitting explicit references to
Consider, first, scattering that takes place limited to just a specific four volume V. A vertex operatorV V restricted to V may be defined as in Eq. (20) but with the integral over all spacetime replaced by an integral over only the four-volume V. That is,
The corresponding interaction operator restricted to V is then
It is another immediate corollary of Theorem 4 that theV (x) commute for different x, so thê V V commute for different V. Therefore, the restricted interaction operator has the propertŷ
which allows for easy separation of interactions within a system in a certain four-volume from interactions that occur in the environment of the system [45] . Using Eq. (14), but with the restricted interaction operator, then givesĜ V |Φ in as the state representing the particles entering V from outside and interacting there (or not interacting at all). Taking the free and interacting Hilbert spaces as the same, we can expand the interacting state in the free position state basis:
The coefficients x 1 , . . . , x N |Ĝ V |Φ in are the probability amplitudes that the incoming particles, after interacting in V, result in N particles at the given positions. Thus, if we construct states Φ out | using the integrated fieldsψ n + (x) andψ n − (x), then
is the amplitude for the incoming particles to scatter only in V (or not interact at all) and then propagate out out of V into the outgoing state Φ out |.
If we take the series expansion forĜ V , 
where the x i and x ′ j are all outside V and each n i and n ′ j may be a particle or antiparticle type.
As in the traditional derivation of Feynman diagrams, we can now move all annihilation operators to the right in each such term, generating commutators with intermediate field applications of the same particle type [5, 7, 8] . Thus, the pairing of a factorψ n (x ′ ) inV V with an incoming particle factorψ ‡ n + (x) gives the commutator
and the pairing of a factorψ ‡ n (x ′ ) inV V with an incoming antiparticle factorψ ‡ n − (x) gives the commutator
Pairings of outgoing particle and antiparticle annihilation operators with corresponding creation operators withinV (or directly with those for incoming particles) give similar factors, as do the pairings of annihilation and creation operators withinV .
Next, consider a region V(t F , t I ) bounded by hyperplanes at t = t I and t = t F > t I , but unbounded in space. Further, let |Φ in = |Φ I , a superposition of position states with t < t I , and Φ out | = Φ F |, a superposition of positions states with t > t F . Then, in the commutators of Eqs. (24) and (25) for incoming particles and antiparticles, t ′ = x ′0 ≥ t I > t = x 0 , while, in the commutators for outgoing particles and antiparticles, t ′ > t F ≥ t.
It is well-known [5, 7, 8] that
Thus,
which represents the propagation of an on-shell, positive-energy particle. That is, particles propagate into or out of V(t F , t I ) on-shell. Within V(t F , t I ), x ′ and x are not time-ordered, so propagation is still off-shell and virtual, as given by ∆ n (x ′ − x).
Clearly, theψ n ± (x) fields themselves represent off-shell virtual particles and do not in general satisfy the Klein-Gordon equation. However, it is straightforward to also construct fields that are positive-energy solutions of the Klein-Gordon equation:
Such fields represent on-shell particles and antiparticles, such that
Now, suppose that, in each term in the expansion ofĜ V(t I ,t F ) , we replace all occurrences ofψ n ± (x) withψ
. Call the resulting operatorŜ(t F , t I ).
To determine the effect of this replacement, consider that the vertex operatorV V(t F ,t I ) may be writtenV
Because theV (t, x) commute for different t (per Theorem 4), each term in the series expansion ofĜ V(t F ,t I ) may then be rewritten to time-order the vertex operators:
and T [· · · ] indicates the sum of all time-ordered permutations of the bracketed factors.
Make theψ n ± toψ + n ± replacement inV (t) and call the resulting operatorv(t). The series expansion forŜ(t F , t I ) is then
where time ordering is now not optional, since thev(t) do not commute. This is essentially just a Dyson expansion.
Make similar field operator replacements in Φ F | to get Φ + F |. Then the amplitude Φ + F |Ŝ(t F , t I )|Φ I has a term-for-term parallel expansion to Φ F |Ĝ Vt F ,t I |Φ I , but with the appropriate operator replacements in each term. For incoming and outgoing particles, this will clearly result in commutators that generate the same ∆ + (x ′ − x) factors as before the replacement. For internal propagations, the result will be as in the usual derivation for
Feynman diagrams from the time-ordered Dyson series [5, 7, 8] :
which is virtual particle propagation, as before. The expansions before and after the field replacements therefore produce the same propagation factors, so
Now let t F → +∞ and t I → −∞. ThenŜ(t F , t I ) →Ŝ, the traditional scattering operator, and V(t F , t I ) goes to all spacetime, soĜ V(t F ,t I ) →Ĝ. In taking the time limits in Φ F | and |Φ I , we would like to hold the three-momenta of the particles to fixed, given values. To do this, construct these states from the time-dependent three-momentum field operatorŝ
with their respective adjoints. The corresponding three-momentum field operators to use in
For an incoming particle, the propagation factor in Φ + F |Ŝ|Φ I is then given by
This is the proper factor for an incoming, on-shell particle of three-momentum p and is independent of t as t → −∞. For an outgoing particle, the factor is
Again, this is the proper factor for an outgoing, on-shell particle of three-momentum p ′ and is independent of t ′ as t ′ → +∞.
Therefore, in the t F → +∞, t I → −∞ limit taken as above, Φ + F |Ŝ|Φ I is just the traditional scattering amplitude between on-shell, three-momentum states. And, since, in this limit, Φ + F |Ŝ|Φ I = Φ F |Ĝ|Φ I , Φ F |Ĝ|Φ I is the same scattering amplitude.
VII. CONCLUSION
The original argument by Haag for what has become known as Haag's Theorem was based on the requirement that the vacuum state |0 be the unique state invariant relative to Euclidean transformations [2] . For the free theory, |0 is a null eigenstate of the free HamiltonianĤ 0 . Haag observed that the effective vacuum state |0
int of the interacting field should also be invariant under Euclidean transformations, which, under the assumption of the uniqueness of |0 implies that |0 int equals |0 up to a phase. And, since |0 int is a null eigenstate of the full HamiltonianĤ, it follows that |0 is, too. However, interaction terms inĤ generally include the interaction of the field with itself, such thatĤ does not annihilate |0 (it "polarizes the vacuum"). This is then a contradiction.
As noted in Sec. IV, in the parameterized theory, the assumption of the uniqueness of the invariance of |0 under Euclidean transformation is extended to invariance under Poincaré transformations. And, sinceĜ(λ) must transform as a Lorentz-invariant scalar not dependent on position, the interacting vacuum |0, λ int =Ĝ(λ)|0 will also be Poincaré invariant. But, if |0 is required to be the sole Poincaré-invariant state, then |0, λ int must equal |0 (up to a phase), and, ifĜ has the form given in Eq. (18) , this requires that V (λ)|0 = 0. In general, though, this will not be true for a vertex operator of the form given in Eq. (23) (basically due to antiparticle creation operators at interaction vertices), again seemingly leading to a contradiction.
In the parameterized formalism, however, we can loosen the requirement on the uniqueness of |0 . Unlike |0 , the parameterized interacting vacuum |0, λ int depends on λ. The "true" vacuum state |0 is thus the only normalizable state that is Poincaré invariant and invariant to translation in λ. That is, |0 is the unique null eigenstate ofĤ 0 . The |0, λ int are, instead, null eigenstates ofĤ(λ) (which is itself dependent on λ), notĤ 0 , and can exist without compromising the uniqueness of |0 .
Put another way, the vacuum |0 is symmetric relative to translations in λ. This symmetry is preserved in the interacting theory in the sense that the physics is not effected by a translation in λ, and, in this sense, all |0, λ int are equivalent. However, fixing on a specific λ = λ 0 breaks the underlying symmetry for the interacting theory, choosing a specific |0, λ 0 int , distinct from |0 , as the effective vacuum state for constructing interacting particle states. In this sense, the additional degree of freedom in the parameterized formalism provides the possibility for the interacting vacuum to be different from the non-interacting vacuum.
Thus, in parameterized QFT, it is possible for an interacting field to be unitarily related to the corresponding free field. And, as shown in Sec. VI, it is possible to choose this transformation so that the traditional Dyson perturbation expansion for scattering amplitudes can be reproduced term by term in the new formalism. This explains why such an expansion works, despite Haag's Theorem-the result in traditional QFT was essentially correct, only the derivation was lacking.
Further, as argued in [47] , different formulations of QFT may lead to different inter-pretations, even while being empirically equivalent. Clearly, one would like to base any interpretation on a formulation that is rigorously defined mathematically. But this is problematic for traditional canonical quantum field theory, since models of realistic interactions using the canonical formulation run afoul of Haag's Theorem.
The parameterized formulation presented here resolves this problem. Further, by allowing the Fock representation of a free field to be extended to the corresponding interacting field, this approach allows the intuitive quanta interpretation of the free theory to be carried over to the interacting theory. Indeed, it also provides for a fuller interpretation in terms of spacetime paths, decoherence and consistent histories over spacetime [43, 45] .
Of course, this does not resolve all the mathematical issues with traditional QFT, such as those involved in renormalization. However, to the extent that all these issues are related, addressing the problem of Haag's Theorem provides a step toward building a firmer foundation, both mathematically and interpretationally, for QFT in general.
Appendix: Commutivity of the Vertex Operator
Proof. To simplify the notation, letψ i± ≡ψ n ± ,λ i (x i ) andψ i ≡ψ n,λ i (x i ) =ψ i+ +ψ ‡ Proof. From the lemmas, the factor for each particle type in the definition ofV λ 1 (x 1 ) commutes with the similar factor in the definition ofV λ 2 (x 2 ). Since fields of different particle types all commute with each other,V λ 1 (x 1 ) as a whole commutes withV λ 2 (x 2 ) as a whole. 
